Keller’s box-scheme for the one-dimensional stationary convection-diffusion equation^∗

Jean-Pierre Croisille, Metz

October 11, 2001

Abstract

The box-scheme of H.B. Keller, initially derived in [22] for the one-dimensional heat equation, is a mixed finite volume scheme for conservative equations. The basic principle of the scheme for equations like div φ(u, ∇u) = f, is to take the average onto the same mesh of the two equations of the mixed form, the conservation law div p = f and the constitutive law p = φ(u, ∇u). In this paper, we perform the numerical analysis of two Keller-like boxschemes for the one-dimensional convection-diffusion equation cu_x − εu_{xx} = f. In the first one, introduced by B. Courbet in [9, 10], the numerical average of the diffusive flux is upwinded along the sign of the velocity, giving a first order accurate scheme. The second one is fourth order accurate. It is based onto the Euler-MacLaurin quadrature formula for the average of the diffusive flux. We emphasize in each case the link with the SUPG finite element method.

MSC Subject Classification: 35J25 - 65M15 - 65N30 - 76M12 - 76M20.

Key words: finite volume method, convection-diffusion equation, box-scheme, Keller’s scheme, high order compact scheme.

1 Introduction

The box-scheme of H.B. Keller [22], is basically a mixed finite volume method, which consists in taking the average of a conservation law and of the associated constitutive law at the level of the same mesh cell. In particular, only one mesh is used as well as support of the degrees of freedom as for averaging the two equations. This design is different from the one of the ”cell-centered” or ”cell-vertex” finite volume methods. Recall that the cell-centered finite volume method uses numerical flux formulas at the interfaces of the mesh, involving two cells, or even more (MUSCL method). In the cell-vertex finite volume method, (also called “box-method” or ”control volume method”, [17, 2, 16, 4]), two different meshes are used, one as support of the degrees of freedom, and the second for averaging the equations. The price to pay for the coherence of the box-scheme formulation is a careful counting of the total degrees of freedom of the conservative and flux

∗This work has been supported by the summer school CEMRACS 2000, which was held during summer 2000 at the CIRM, (Centre International de Rencontres Mathématiques) at the university of Marseilles Luminy. The author thanks particularly R. Abgrall and A. Bourgeat for the organization of this school and the ANDRA for its support.

unknowns, and of the number of the test functions. In [11, 12, 13], it has been proved on the 2D Poisson problem, that several natural generalizations of the scheme of Keller are possible in multidimensions, by using FEM spaces originating from the mixed finite-element literature. The scheme results in a mixed Petrov-Galerkin scheme, using piecewise affine interpolants both for the primary unknowns and for the flux. In particular cases, one obtains a scheme strongly related to the hybridization of classical mixed finite element methods, [1]

The extension of the box-scheme to convection-dominated flows has already been addressed in [30, 29, 7] in the context of compressible aerodynamics computations. Here, we are interested in the design and numerical analysis of box-schemes for the stationary convection-diffusion equation cu_x − εu_{xx} = f(x), in the spirit of the method of B. Courbet introduced in [9]. As in the elliptic (or parabolic) case, the basic principle remains to introduce the diffusion flux p = −εu_x as an auxiliary variable. Two schemes are considered. In the first one, an upwinding of the average p_K over a “box” K (a cell), is introduced. The expected effect is to prevent the well-known spatial exponential instability at a stationary state u(x), solution of cu_x − εu_{xx} = 0, especially in boundary layers. However, the resulting scheme is only first order accurate in the finite-difference sense. This is the same effect as the one due to the upwinding of convective derivative in finite difference or finite element methods. The second scheme uses as a main tool the fourth order accurate Euler-MacLaurin quadrature formula on intervals, as suggested in [9]. In this case, we obtain a fourth order accurate scheme, in the finite difference sense. We emphasize the following properties of these two schemes. Firstly, they are mixed schemes with a purely local reconstruction formula for the flux. This is a well known property in the mixed finite element method for elliptic problems, [1, 24, 12], but it is less standard for convective dominated equations. Secondly, they admit a formulation as non-standard versions of the streamlineupwind-Petrov-Galerkin (SUPG) method [3, 18, 19, 20, 21, 26] with a particular design of upwind parameters. Note that the design of well-suited upwind parameters for such methods is still an active research topic, [15]. The methodology introduced here can provide interesting possibilities for designing such parameters. Finally, let us mention that there is currently a renewal of interest in the design of so-called finite difference “compact schemes”, for various applications, (convection diffusion, wave equation, ...) [23, 28, 5, 6, 31], after earlier works in the ’70, such as [8]. We believe that the formalism of the box-scheme of Keller can bring some clarity in the design of such schemes, allowing to work directly on unstructured meshes, instead of in the finite difference framework.

The present paper is a first attempt to derive in a systematic way high order compact schemes of mixed type in the spirit of [22, 9, 10, 12, 13], one of the applications being computing flows in porous media. The numerical simulation of such flows gives still rise to a considerable amount of works in which the mixed finite element method, the discontinuous Galerkin method, the finite volume method or the control volume method are widely used.^1. For general references on finite volumes from a mathematical point of view, we refer to the books [14, 17, 25].

The outline of the paper is as follows. After stating the notation in Sect.2, we recall in Sect. 3 in the case of the 1D Poisson equation, the design of the box-scheme of Keller, before to perform its numerical analysis in the FEM framework. A new fourth-order box-scheme is afterwards introduced and analyzed in the same way. In Sect.4, we perform the numerical analysis of a box-scheme for the stationary convection-diffusion equation previously proposed by B. Courbet in [9, 10]. Finally, in Sect.5, we show how the fourth order scheme of Sect.3 can be extended to

1We refer in particular to journals such as Water Resources Research, Journal of Contaminant Hydrology, Journal of Hydrology,...

the convection-diffusion equation. For both schemes, the link with the SUPG method is stressed. Numerical results as well as extensions to the unstationary convection-diffusion equation or to multidimensions will be reported elsewhere.

2 Notation

In all the paper, we consider the linear stationary convection-diffusion equation with constant coefficients in the segment I =]0 , 1[ . Recall that this equation is { cu_x − εu_{xx} = f(x), x ∈ I u (0) = 0, u (1) = 0 (1) The velocity is c ∈ R and the diffusion coefficient is ε > 0. Problem (1) is well posed in H^1_0 (I), with data f ∈ L^2(I). The solution is u(x) = g_c(x/ε) g_c(1/ε) ∫_1 0 g_c((1 − s)/ε)f(s)ds − ∫_x 0 g_c((x − s)/ε)f(s)ds (2) with g_c(x) = (e^{cx} − 1)/c if c ≠ 0 and g_0(x) = x. Let the interval I be discretized by a finite element, possibly irregular mesh, with nodes x_1 = 0 < x_2 < . . . < x_N = 1. We call the cell K_{j−1/2} = [x_{j−1} , x_j ] a “box”, for 2 ≤ j ≤ N. The lenght of the box K_{j−1/2} is h_{j−1/2} = x_j −x_{j−1}, with the quasi-uniformity hypothesis C_mh = h_m ≤ h_{j−1/2} ≤ h, where C_m > 0 is a constant. We call h_j =^1_2 (h_{j−1/2} + h_{j+1/2}) and h_1 = h_{3/2}/2, h_N = h_{N−1/2}/2. The barycenter of the box K_{j−1/2} is x_{j−1/2}. Each grid function (u_j )_{1≤j≤N} is identified with the finite element function u_h(x) belonging to the piecewise affine conforming space P^1_c (I)

u_h (x) = N∑ j=1 u_j φ_j (x) (3)

where φ_j (x) is the standard “hat” function centered at node x_j . We denote also by P^1_{c,0}(I) the subspace of P^1_c (I) of the functions u_h(x) such that u_1 = u_N = 0. In the sequel, we simply call P^1_c = P^1_c (I), P^1_{c,0} = P^1_{c,0}(I). The orthogonal projector onto the functions constant in each box is Π^0 which is given by

(Π^0f)_{j−1/2} = 1 h_{j−1/2} ∫_{xj} x_{j−1} f(x) dx, f ∈ L^2 (I) (4) The standard L^2 and H^1 norms are denoted by | . |_{0,I} , ‖ . ‖_{1,I} , the scalar product in L^2 by ( ; )_{0,I} or simply ( ; ). The H^1 semi-norm is | |_{1,I} . In addition, the L^2 mesh-dependent norm is given by |u|^2_{0,h} = N∑ j=1 h_j u^2_j (5)

We skip the proof of the following Lemma, which establishes the link between the norms |u|_{0,I} , |u|_{0,h}, |Π^0u|. Lemma 2.1 (i) For u ∈ P^1_c , we have 3^{− 1}2 |u|_{0,h} ≤ |u|_{0,I} ≤ |u|_{0,h}. (ii) There exists a constant C > 0 independent of h, such that for any u ∈ P^1_{c,0}, C h |u|_{0,I} ≤ |Π^0 u|_{0,I} ≤ |u|_{0,I} (6)

3 Two box-schemes for the one-dimensional stationary diffusion equation

3.1 Keller’s box-scheme

Although rather simple, the interpretation and numerical analysis with finite elements of the classical Keller’s box-scheme [22], seems not have been addressed in previous works. We summarize here for convenience some of its properties in the case of the stationary one-dimensional Poisson problem: { −u_{xx} (x) = f(x) , x ∈ I u (0) = 0 , u (1) = 0 (7) The design of the box-scheme for (7) is in two steps, [11, 12]. Firstly, (7) is recasted in mixed form p_x + f = 0 (a) p − u_x = 0 (b) u (0) = u (1) = 0 (c) (8) Secondly, we take the average of (8_a) and (8_b) onto the boxes K_{j−1/2}, which gives for the exact solution (u, p = u_x)

p (x_j ) − p (x_{j−1}) = −h_{j−1/2} (Π^0 f)_{|j−1/2} h_{j−1/2} (Π^0 p)_{|j−1/2} − [u (x_j ) − u (x_{j−1})] = 0 u (x_1) = u (x_N ) = 0 (9)

Considering now (u_j , p_j)_{1≤j≤N} approximations of u (x_j ) , p (x_j ), (9) defines a numerical scheme if we precise a formula expressing an approximation of (Π^0 p)_{|j−1/2} in function of the discrete values p_j. The box-scheme of Keller is characterized by the trapezoidal approximation of the projection (Π^0 p)_{j−1/2}

(Π^0 p)_{|j−1/2} = 1 2 (p(x_j ) + p(x_{j−1})) − 1 12 h^2_{j−1/2}p_{xx}(ξ_{j−1/2}), ξ_{j−1/2} ∈ K_{j−1/2} (10) Replacing (Π^0 p)_{|j−1/2} by^1_2 (p_j + p_{j−1}), suggests to define the box-scheme as

p_j − p_{j−1} = −h_{j−1/2} (Π^0 f)_{|j−1/2} N − 1 equations 1 2 h_{j−1/2} [p_j + p_{j−1}] − [u_j − u_{j−1}] = 0 N − 1 equations u_1 = u_N = 0

(11)

(11) is effectively a square system in (u_j , p_j)_{1≤j≤N} since the number of equations and the number of unknowns are both equal to 2N. Note also that (11) coincides exactly with (9) when replacing p by its P^1_c -interpolant. The implementation of (11) is carried out by eliminating p_j by static condensation, [11]. Solving the 2 × 2 system (11) in (p_{j−1} , p_j) yields for 2 ≤ j ≤ N

p_{j−1} = 1 h_{j−1/2} (u_j − u_{j−1}) + 1 2 h_{j−1/2} (Π^0f)_{j−1/2}

p_j =^1_{hj−1/2} (u_j − u_{j−1}) −^1_2 h_{j−1/2} (Π^0f)_{j−1/2}

(12)

By identifying the two values of p_j deduced from (12)_{j−1/2} and (12)_{j+1/2}, we obtain the scheme in the unknowns u_j only − [ 1 h_{j+1/2} (u_{j+1} − u_j ) − 1 h_{j−1/2} (u_j − u_{j−1}) ] = 1 2 [ h_{j+1/2}(Π^0f)_{j+1/2} + h_{j−1/2}(Π^0f)_{j−1/2} ] u_1 = u_N = 0 (13) If h_{j+1/2} = h_{j−1/2} = h we recognize the finite difference compact scheme − 1 h^2

[u_{j+1} + u_{j−1} − 2u_j ] = 1 2 [(Π^0f)_{j+1/2} + (Π^0f)_{j−1/2}] (14)

This scheme is second order accurate with consistency error given by(we call u(x) a formal solution of −u_{xx} = f)

E_h(u) = − 1 h^2

[u(x_{j+1}) + u(x_{j−1}) − 2u(x_j )] − 1 2 [(Π^0f)_{j+1/2} + (Π^0f)_{j−1/2}] (15) = − 1 12 h^2u_{xxxx} + O(h^4) (16)

In [22], Keller proves two error estimates thanks to a finite difference analysis. Translated into the finite element framework stated in Sect.2, these estimates read

(a) |Π^0 ũ − Π^0 u_h|_{0,I} ≤ C h^2 ; (b) |Π^0 p̃ − Π^0 p_h|_{0,I} ≤ C h^2 (17)

where ũ ∈ P^1_{c,0}, p̃ ∈ P^1_c denote the standard P^1_c −interpolants of u, p given by

ũ (x) = N−1∑ j=2 u (x_j ) φ_j (x) ; p̃ (x) = N∑ j=1 p (x_j ) φ_j (x) (18)

and where u_h ∈ P^1_{c,0}, p_h ∈ P^1_c are

u_h (x) = N−1∑ j=2 u_j φ_j (x) ; p_h (x) = N∑ j=1 p_j φ_j (x) (19)

As mentionned by Keller, (17_b) is not an error estimate, because p_h ∈ P^1_c → |Π^0 p_h|_{0,I} is not a norm over P^1_c , due to the presence of the oscillating mode p_j = (−1)^j , 1 ≤ j ≤ N, such that |Π^0p_h|_{0,I} = 0. In addition, (17_a) is simply a first order error estimate in the L^2 norm | · |_{0,I} due to Lemma 2.1 (ii).

In fact, the interpretation of the box-scheme as a finite-element method allows to perform a more precise numerical analysis. We note that (11) is equivalent to : find (u_h , p_h) ∈ P^1_{c,0} × P^1_c solution of { (p_{h,x} + f ; ṽ_h) = 0 ∀ ṽ_h ∈ P^0 (a) (p_h − u_{h,x} ; q̃_h) = 0 ∀ q̃_h ∈ P^0 (b)

(20)

where P^0 stands for the space of piecewise constant functions on the mesh. Taking q̃_h = v_{h,x} , v_h ∈ P^1_{c,0} in (20_b) and noting that

(u_{h,x} ; v_{h,x}) = (p_h ; v_{h,x}) = −(p_{h,x} ; Π^0 v_h) = (Π^0 f ; v_h) (21)

The box-scheme is therefore equivalent to two decoupled schemes. Firstly, it reduces for u_h to the modified standard finite element method: find u_h ∈ P^1_{c,0} solution of

(u_{h,x} ; v_{h,x}) = (Π^0 f ; v_h) ∀ v_h ∈ P^1_{c,0} (22) Secondly, p_h has the local expression given by (11), we can rewrite in the form p_{h|Kj−1/2} (x) = u_{h,x|Kj−1/2} − (Π^0 f)_{|j−1/2} (x − x_{j−1/2}) (23) We derive now by a standard finite element analysis the well-posedness of scheme (11) as well as a priori error estimates. The box-scheme can be rewritten p_{h,x} = −Π^0 f ; u_{h,x} = Π^0 p_h (24) and the interpolate ũ , p̃ of the exact solution u(x), p(x) = u_x(x) verify p̃_x = −Π^0 f ; ũ_x = Π^0 p (25) Proposition 3.1 (i) The box-scheme (11) has a unique solution (u_h , p_h) ∈ P^1_{c,0} × P^1_c verifying ‖u_h‖_{1,I} + ‖p_h‖_{1,I} ≤ C |f|_{0,I} (26) (ii) If (u, p) is the solution of (8), (ũ, p̃), their P^1_c −interpolants, then the following a priori error estimates hold, (C is a generic constant independent of h) (a) ‖u − u_h‖_{1,I} ≤ C h |f|_{0,I} (b) |u − u_h|_{0,I} ≤ C h^2 ‖f‖_{1,I} (c) ‖p − p_h‖_{1,I} ≤ C h ‖f‖_{1,I} ; (d) |Π^0 p − Π^0 p_h|_{0,I} ≤ C h^{3/2} |f|_{1,I} (e) |Π^0 p̃ − Π^0 p_h|_{0,I} ≤ C h^2 |u_{xxx}|_{0,I}

(27)

Proof: (i) results simply from (22) and (23). A standard error analysis in P^1_{c,0} yields estimate (27_a). Estimate (27_b) results of the Aubin-Nitsche argument, together with the fact that |f − Π^0 f|_{0,I} ≤ C h |f|_{1,I} . This estimate implies obviously the first Keller’s estimate in (17_a). Estimate (27_c) results directly from (23). We prove now the two last estimates. Note that the last estimate is precisely the one given by Keller in (17_b), using finite-differencing arguments. For the estimate (27_d), we have the identities |Π^0 p − Π^0 p_h|^2_{0,I} = (p − p_h ; Π^0 p − Π^0 p_h)_{0,I} = (ũ_x − u_{h,x} ; p − p_h) = −(ũ − u_h; p_x − p_{h,x}) = (ũ − u_h; f − Π^0f) ≤ (|ũ − u|_{0,I} + |u − u_h|_{0,I} )|f − Π^0f|_{0,I} ≤ Ch^3‖f‖^2_{1,I} which gives the result. For (27_e), we decompose | Π^0 p̃ − Π^0 p_h |^2_{0,I} into a numerical quadrature error part and a consistency part

| Π^0 p̃ − Π^0 p_h |^2_{0,I} = (Π^0 p̃ − Π^0 p ; Π^0 p̃ − Π^0 p_h) (I) + (Π^0 p − Π^0 p_h ; Π^0 p̃ − Π^0 p_h) (II) (28)

The trapezoidal error estimate (10 ) yields | |Π^0 p̃ − Π^0 p | |_{0,I} ≤ C h^2 |p|2,I (29) which gives |(I)| ≤ C h^2 |p_{xx}|_{0,I} |Π^0 p̃ − Π^0 p_h|_{0,I} (30) The term (II) vanishes because (II) = (u_x − u_{h,x} ; Π^0 p̃ − Π^0 p_h)_{0,I} = (ũ_x − ũ_{h,x} ; Π^0 p̃ − Π^0 p_h)_{0,I} = (ũ_x − u_{h,x} ; p̃ − p_h) = −(ũ − u_h ; p̃_x − p_{h,x}) = 0 Finally, the error estimate (27_e) results only from the second order quadrature (30). ■

3.2 A fourth order box-scheme Starting again from (9), we build an higher order box-scheme by replacing the trapezoidal quadrature formula (10) by the fourth order formula deduced from the Euler-MacLaurin series. Recall that this series reads, for any regular function F defined on [a, b] 1 b − a ∫_b a F (t)dt = 1 2 (F (a) + F (b)) − m∑ i=1 B_{2i} (2i)!

(b − a)^{2i−1}(F^{(2i−1)}(b) − F^{(2i−1)}(a)) − E_m (31)

with an error term given by

E_m =

B_{2m+2}(b − a)^{2m+2} (2m + 2)!

F^{(2m+2)}(ξ), a < ξ < b (32)

The B_i are the Bernoulli numbers defined by the serie t e^t − 1 = +∞∑ i=0 B_i i! t^i (33)

Using the fourth order quadrature formula on the box K_{j−1/2} = [x_{j−1}, x_j ] deduced from (31) yields

(Π^0p)_{j−1/2} = 1 2 (p(x_j ) + p(x_{j−1}) − 1 12 h_{j−1/2}(p_x(x_j ) − p_x(x_{j−1})) − E^p_{j−1/2} (34) with an error E^p_{j−1/2} = B_4h^4_{j−1/2} 4! p^{(4)}(ξ_{j−1/2}), x_{j−1} < ξ_{j−1/2} < x_j (35) Since p_x(x) = −f(x), we deduce

(Π^0p)_{j−1/2} = 1 2 (p(x_j ) + p(x_{j−1}) + 1 12 h_{j−1/2}(f(x_j ) − f(x_{j−1})) − E^p_{j−1/2} (36)

Replacing now in (9) (Π^0p)_{j−1/2} by the approximated value 1 2 (p_j + p_{j−1}) + 1 12 h_{j−1/2}(f(x_j ) − f(x_{j−1})) = 1 2 (p_j + p_{j−1}) + 1 12 h^2_{j−1/2}(Π^0f^′)_{j−1/2} (37)

allows to write the following box-scheme p_j − p_{j−1} = −h_{j−1/2} (Π^0 f)_{|j−1/2} 1 2 h_{j−1/2} [p_j + p_{j−1}] − [u_j − u_{j−1}] = −^1_{12} h^3_{j−1/2}(Π^0f^′)_{j−1/2} u_1 = u_N = 0

(38)

Solving (38) in (p_{j−1} , p_j) gives { p_{j−1} = (u_j − u_{j−1})/h_{j−1/2} +^1_2 h_{j−1/2} (Π^0f)_{j−1/2} −^1_{12} h^2_{j−1/2}(Π^0f^′)_{j−1/2} p_j = (u_j − u_{j−1})/h_{j−1/2} −^1_2 h_{j−1/2} (Π^0f)_{j−1/2} −^1_{12} h^2_{j−1/2}(Π^0f^′)_{j−1/2}

(39)

The scheme in u_j after elimination of p_j is now − [ 1 h_{j+1/2} (u_{j+1} − u_j) − 1 h_{j−1/2} (u_j − u_{j−1}) ] = 1 2 h_{j+1/2} (Π^0f)_{j+1/2} + 1 2 h_{j−1/2} (Π^0f)_{j−1/2}

−^1_{12} h^2_{j+1/2}(Π^0f^′)_{j+1/2} +^1_{12} h^2_{j−1/2}(Π^0f^′)_{j−1/2} u_1 = u_N = 0 (40) On an equally spaced mesh, the scheme reduces to the following finite difference compact scheme − 1 h^2

[u_{j+1} + u_{j−1} − 2u_j ] = 1 2 [(Π^0f)_{j+1/2} + (Π^0f)_{j−1/2}] − 1 12 h[(Π^0f^′)_{j+1/2} − (Π^0f^′)_{j−1/2}] (41)

which is fourth order accurate with a consistency error

E_h(u) = 1 720 h^4u^{(6)} + O(h^6) (42)

Note that replacing (Π^0f)_{j+1/2}, (resp. (Π^0f^′)_{j+1/2}) by a fourth order (resp. third order) formula, does not modify the fourth order of the scheme. Let us state now the formulation of the boxscheme (38) as a finite element scheme for u_h(x) = ∑ j u_jφ_j (x) combined with a reconstruction formula for p_h(x) = ∑ j p_jφ_j (x).

Proposition 3.2 (a) The box-scheme (38) is equivalent to the twofold finite element scheme: (i) find u_h(x) ∈ P^1_{c,0} such that

(u_{h,x}; v_{h,x}) = (Π^0f; v_h) + 1 12 (δ_h(Π^0f^′); v_{h,x})_{0,I} (43)

where δ_h(x) = ∑_N j=2 h^2_{j−1/2}11_{Kj−1/2} (x).

(ii) reconstruct p_h ∈ P^1_c by p_{h|Kj−1/2} (x) = (Π^0 p_h)_{|j−1/2} + p_{h,x|Kj−1/2} (x − x_{j−1/2}) (44) with (Π^0 p_h)_{|j−1/2} = u_{h,x|Kj−1/2} −^1_{12} h^2_{j−1/2}(Π^0f^′)_{j−1/2} and p_{h,x|Kj−1/2} = −(Π^0f^′)_{j−1/2}. (b) The following superconvergence estimates between the P^1_c interpolants ũ, p̃ of u, p and u_h, p_h, hold (i) |ũ − u_h|_{0,I} ≤ Ch^4|u|_{5,I} (45) (ii) |Π^0p̃ − Π^0p_h|_{0,I} ≤ Ch^4|u|_{5,I} (46)

Note that, due to Lemma 2.1, (ii) is a third order estimate in |p̃ − p_h|_{0,I} . Proof: The box-scheme (38) is simply: find (u_h, p_h) ∈ P^1_{c,0} × P^1_c solution of { (p_{h,x} + f ; ṽ_h) = 0 ∀ ṽ_h ∈ P^0 (a) (p_h − u_{h,x} +^1_{12} δ_hf^′ ; q̃_h) = 0 ∀ q̃_h ∈ P^0 (b)

(47)

It could be noticed in (47) that the constitutive law p = u_x is no longer verified in the mean at the discrete level, contrary to (20). This scheme is equivalent to the identities:

p_{h,x} = −Π^0f ; u_{h,x} = Π^0p_h + 1 12 δ_hΠ^0f^′ (48)

Selecting q̃_h = v_{h,x} in (47_b) gives (43). The reconstruction formula (44) just follows from (47). Let us check now (46). As in (28), we decompose

| Π^0 p̃ − Π^0 p_h |^2_{0,I} = (Π^0 p̃ − Π^0 p ; Π^0 p̃ − Π^0 p_h) (I) + (Π^0 p − Π^0 p_h ; Π^0 p̃ − Π^0 p_h) (II) (49)

We have

(II) = (Π^0 p − u_{h,x} + 1 12 δ_hΠ^0f^′ ; Π^0 p̃ − Π^0 p_h)

= (ũ_x − u_{h,x} + 1 12 δ_hΠ^0f^′ ; Π^0 p̃ − Π^0 p_h)

Using the relation 1 12 δ_h(Π^0f^′) = Π^0 p − Π^0 p̃ + E^p , E^p = N∑ j=2 E^p_{j−1/2}11_{Kj−1/2} (x) (50)

we obtain finally (I) + (II) = (E^p(x), Π^0 p̃ − Π^0 p_h), from which we deduce easily (46). For (45), we start from the relations ũ_x = Π^0p, u_{h,x} = Π^0p_h +^1_{12} δ_h(Π^0f^′) = Π^0p − (Π^0p̃ − Π^0p_h) + E^p. Therefore ũ_x − u_{h,x} = Π^0p̃ − Π^0p_h − E^p, giving |ũ_x − u_{h,x}|_{0,I} ≤ Ch^4|u|_{5,I} , and finally (45) by the Poincaré inequality. ■

4 A first order box-scheme for the stationary convection-diffusion equation

4.1 Presentation of the scheme

We recall in this section the extension of Keller’s scheme to the standard stationary convectiondiffusion equation with source term f proposed by Courbet in [9]. Although this scheme is only first order accurate in the finite difference sense, its interest lies in its design, which can be extended to more complex situations. Moreover, we prove that it is equivalent to a nonstandard SUPG scheme justiciable of an error estimate in a suitable energy norm of order h^{3/2}, when ε = O(h). Let us consider the convection-diffusion problem { cu_x − εu_{xx} = f x ∈ ]0, 1[ , c ∈ R , ε > 0 u (0) = u (1) = 0

(51)

We rewrite (51) in mixed form as

cu_x + p_x = f (I_a) p + εu_x = 0 (I_b) u (0) = u (1) = 0 (I_c)

(52) f(u) = cu is the convective flux and p = −εu_x the diffusive flux. As in Sect.3, the exact solution (u, p = −εu_x) verifies the discrete equations obtained by averaging (52)_a ,(52)_b onto the boxes K_{j−1/2} c (u(x_j ) − u (x_{j−1})) + p (x_j) − p (x_{j−1}) = h_{j−1/2} (Π^0 f)_{|j−1/2} h_{j−1/2} (Π^0p)_{|j−1/2} + ε (u (x_j ) − u (x_{j−1})) = 0 u (x_1) = u (x_N ) = 0

(53)

The box-scheme is now defined from (53), by approximating (Π^0 p)_{|j−1/2} in function of p_j. The class of schemes we consider a priori is given by the upwind approximation of Π^0p in the form

(Π^0p)_{j−1/2} = 1 2 [p_{j−1} + p_j] − D_{p,j−1/2} [p_j − p_{j−1}] (54)

D_{p,j−1/2} is an upwinding coefficient in the boxes K_{j−1/2} whose meaning will appear later. As for the standard box-scheme (11), they are in (53) 2N unknowns u_j , p_j and 2N equations. The resulting scheme writes

c[u_j − u_{j−1}] + [p_j − p_{j−1}] = h_{j−1/2}(Π^0f)_{j−1/2} 1 2 (p_j + p_{j−1}) − D_{p,j−1/2} (p_j − p_{j−1}) +^ε_{hj−1/2} (u_j − u_{j−1}) = 0 u_1 = u_N = 0

(55)

With the notation Δ u_{j−1/2} = (u_j − u_{j−1})/h_{j−1/2} the resolution of (55) with respect to p_{j−1} , p_j yields { p_{j−1} = − [ ε − c (_1 2 − D_{p,j−1/2} ) h_{j−1/2} ] Δ u_{j−1/2} + [−^1_2 + D_{p,j−1/2}] h_{j−1/2} (Π^0f)_{j−1/2} p_j = − [ ε + c (_1 2 + D_{p,j−1/2} ) h_{j−1/2} ] Δ u_{j−1/2} + [^1_2 + D_{p,j−1/2}] h_{j−1/2} (Π^0f)_{j−1/2}

(56)

Identifying the two values of p_j given by (56) in K_{j−1/2} , K_{j+1/2} gives the scheme in (u_j ) only c 2h_j (u_{j+1} − u_{j−1}) − 1 h_j [ (ε + c h_{j+1/2}D_{p,j+1/2}) Δ u_{j+1/2} − (ε + c h_{j−1/2}D_{p,j−1/2}) Δ u_{j−1/2} ]

= 1 h_j [( 1 2 − D_{p,j+1/2} ) h_{j+1/2} (Π^0f)_{j+1/2} + ( 1 2 + D_{p,j−1/2} ) h_{j−1/2} (Π^0f)_{j−1/2} ]

The scheme can be rewritten in function of Δ u_{j−1/2} , Δ u_{j+1/2} only as − { [ε + (D_{p,j+1/2} − 1/2) c h_{j+1/2}]Δ u_{j+1/2} − [ε + (D_{p,j−1/2} + 1/2)c h_{j−1/2}]Δ u_{j−1/2} } (57) = ( 1 2 − D_{p,j+1/2} ) h_{j+1/2} (Π^0f)_{j+1/2} + ( 1 2 + D_{p,j−1/2} ) h_{j−1/2} (Π^0f)_{j−1/2}

In addition, multiplying (55)_2 by c and replacing c (u_j − u_{j−1}) by its value deduced from (55)_1 gives the following scheme in (p_j ), consistent with the equation c p − ε p_x = −ε f 1 2 c (p_j + p_{j−1}) − ( ch_{j−1/2} D_{p,j−1/2} + ε ) (p_j − p_{j−1}) h_{j−1/2} = −ε (Π^0f)_{j−1/2} (58)

The quantity ch_{j−1/2}D_{p,j−1/2} +ε appears as the total diffusion of the scheme and ch_{j−1/2}D_{p,j−1/2} as an artificial diffusion coefficient. We suppose from now on that cD_{p,j−1/2} ≥ 0 and we give a sufficient condition on the coefficients D_{p,j−1/2} in order for the box-scheme to verify a maximum principle for u_j , p_j. More precisely, we consider scheme (55) with f = 0 and boundary conditions u_1 = u(0) = α, u_N = u(1) = β. The exact solution u(x), p(x) = u_x(x) exhibits an exponential boundary layer given by (2). A traditional requirement for schemes approximating this problem is to verify the maximum principle. Here, it consists simply in the monotonicity of the two sequences u_j, p_j. Let us define the cell-Peclet number P e_{j−1/2} ∈ [0, +∞[ for c ∈ R, ε > 0 by P e_{j−1/2} = |c|h_{j−1/2} 2ε (59)

Proposition 4.1 (i) Suppose u_j, p_j are solution of the box-scheme (55) with f = 0 and nonhomogeneous Dirichlet boundary conditions u_1 = α, u_N = β. A necessary and sufficient condition for the p_j to have same sign is that for any j = 2, .., N ε + cD_{p,j−1/2}h_{j−1/2} ≥ |c| 2 h_{j−1/2} (60)

In that case, u_j, p_j are monotone sequences. The value of D_{p,j−1/2} for which |D_{p,j−1/2}| is minimum in (60) is D_{p,j−1/2} = 1 2 sgn(c) max ( 0 ; 1 − 1 P e_{j−1/2} ) (61)

where sgn(c) is the sign function.

(ii) If h_j = h and D_{p,j−1/2} = D_p, the consistency error in the finite difference sense of scheme (57) with respect to the equation cu_x − εu_{xx} = f is

E_h(x) = −hε D_pu_{xxx} + O (h^2) (62)

(iii) The consistency error of scheme (58) with respect to cp − ε p_x = −εf, is

Ē_h (x) = −hcD_pp_x + O(h^2) (63)

Proof: (i) Suppose f = 0. Due to (55)_1, the sequence u_j is monotone if and only if so is p_j . Taking f = 0 in (58), and under the hypothesis cD_{p,j−1/2} ≥ 0, all the p_j have same sign if and only if (60) is true. Equation (57) ensures now that the coefficients before Δu_{j+1/2}, Δu_{j−1/2} have the same sign. Therefore (u_j ) is monotone under condition (60), and so is (p_j). The minimum value of |D_{p,j−1/2}| is clearly obtained with (61).

(ii) We suppose now h_{j−1/2} = h , D_{p,j−1/2} = D_p , 2 ≤ j ≤ N. This allows to perform a standard finite difference analysis. Scheme (57) rewrites in the form of a three points compact scheme for the convection-diffusion equation

α_{−1} u_{j−1} + α_0 u_j + α_1 u_{j+1} = ( 1 2 − D_p)(Π^0f)_{j+1/2} + ( 1 2 + D_p)(Π^0f)_{j−1/2} (64)

The coefficients α_1 , α_0 , α_{−1} are

α_1 = 1 h [ c 2 − ( ε h + c D_p )] ; α_0 = 2 h ( ε h + c D_p ) ; α_{−1} = 1 h [ − c 2 − ( ε h + c D_p )] (65)

The consistency error is, [27]

E_h u(x_j ) = (L_h − R_h ∘ L) u(x_j ) (66) where L_h and R_h are the finite difference operators defined by L_h u_{|j} = α_{−1} u_{j−1}+α_0 u_j +α_1 u_{j+1}, R_h f_{|j} = (^1_2 − D_p)(Π^0f)_{j+1/2} + (^1_2 + D_p)(Π^0f)_{j−1/2}. If p_h(ξ) = α_{−1}e^{−iθ} + α_0 + α_1e^{iθ}, r_h(ξ) = (^1_2 − D_p)(e^{−iθ} − 1)/(iθ) + (^1_2 + D_p)(1 − e^{−iθ})/(iθ) (θ = ξh) are the symbols of the operators L_h, R_h, and p(ξ) = icξ + εξ^2 is the symbol of the convection-diffusion operator Lu(x) = cu_x − εu_{xx}, then we find that the symbol of the consistency error E_h(x) is e_h (ξ) = p_h (ξ) − r_h (ξ) p (ξ), with

e_h (ξ) = i ε hξ^3 D_p + O (h^2) (67)

which is (62).

(iii) We proceed in the same way. The operator L is Lp = cp − εp_x with symbol p(ξ) = c − εiξ. The symbol of the finite difference operator L_hp_{|j} in the r.h.s. of (58) is (θ = ξh), p_h(ξ) = c(1 + e^{−iθ}/2) − (cD_p + ε/h)(1 − e^{−iθ}). The symbol of the interpolation operator acting on F = −εf is r_h(ξ) =^1_2 (1−e^{−iθ}). The symbol of the consistency error Ē_h(x) = (L_h −R_h ∘L)p_j is therefore ē_h(ξ) = −ihcξD_p + O(h^2) (68)

which gives (63). ■

Remark: It results from Prop 4.1 that if D_p ≠ 0, the box-scheme is only first order accurate in the finite-difference sense with respect to the two equations cu_x − εu_{xx} = f and cp − εp_x = −εf. If D_p = 0, it is second order accurate.

4.2 Comparison with the SUPG method In this section, we establish a link between the box-scheme (53) and the standard SUPG method of T.J.R. Hughes et al.,[3, 18], C. Johnson et al. [21, 19, 26, 20] for the convection-diffusion equation. In its simpler form, this method reads : find u_h ∈ P^1_{c,0} such that for any v_h ∈ P^1_{c,0}

(cu_{h,x} ; v_h + δ c v_{h,x}) + ε (u_{h,x} ; v_{h,x}) = (f ; v_h + δc v_{h,x}) (69)

where δ = O(h) is an upwind parameter. The standard error estimate is usually derived for the stationary convection-diffusion equation with an absorption term σu, with σ > 0, that is { σu + cu_x − εu_{xx} = f u(0) = u(1) = 0

(70)

Recall that the equation without absorption term cũ_x −εũ_{xx} = g is transformed into an equation with an absorption term σu by the change of unknown u(x) = e^{−σx}ũ(x) with σc > 0 and |σ| sufficiently small. The SUPG method for (70) consists simply in: find u_h ∈ P^1_{c,0} such that for any v_h ∈ P^1_{c,0}

(σu_h + cu_{h,x} ; v_h + δ c v_{h,x}) + ε (u_{h,x} ; v_{h,x}) = (f ; v_h + δc v_{h,x}) (71)

The energy norm associated with (71) is |||u|||^2 = σ|u|^2_{0,I} + δ|cu_x|^2_{0,I} + ε|u_x|^2_{0,I} (72) Note that |||u||| controls the L^2 norm |u|_{0,I} uniformly when ε → 0, only when σ > 0. The main interest of the SUPG method is that one get, by choosing δ = O(h), an error estimate in the energy norm in the form |||u − u_h||| ≤ Ch^{3/2} uniformly with respect to ε = O(h). This represents a gain of h^{1/2} in comparison with the standard Galerkin method. In two dimensions, one can replace the diffusion ε by ε_m = max(ε, Ch^{3/2}), in order to keep an O(h^{3/2}) error estimate, still uniformly when ε → 0 even in the crosswind direction, [20, 32].

Here, we are going to prove that the box-scheme (55) is nothing but a variant of the SUPG method for the unknown u, coupled with a reconstruction formula of the flux p. Note that this last property is unusual in the classical SUPG finite element method. We define the upwinding function d_p (x)^2, which is constant in each box K_{j−1/2}, by

d_p (x) = N∑ j=2 D_{p,j−1/2} h_{j−1/2} 11_{K j−1/2} (x) (73)

We obtain the following SUPG form of the box-scheme (55):

Proposition 4.2 The box-scheme scheme (55) is equivalent to (i) the modified SUPG method for u_h : find u_h ∈ P^1_{c,0} such that for v_h ∈ P^1_{c,0}.

(cu_{h,x} ; v_h + d_p v_{h,x}) + ε (u_{h,x} ; v_{h,x}) = (Π^0 f ; v_h + d_p v_{h,x}) (74)

(ii) the local reconstruction formula in p_h p_{h|Kj−1/2} = (Π^0 p_h)_{|Kj−1/2} + p_{h,x|Kj−1/2} (x − x_{j−1/2}) (75) with (Π^0 p_h)_{|Kj−1/2} = −(ε + cd_{p,j−1/2}) u_{h,x|Kj−1/2} + d_{p,j−1/2} (Π^0 f)_{j−1/2} (76) p_{h,x|Kj−1/2} = (Π^0 f)_{j−1/2} − cu_{h,x|Kj−1/2} (77) Proof: The box-scheme (55) can be rewritten as the mixed Petrov-Galerkin method in (u_h, p_h) ∈ P^1_{c,0} × P^1_c { (cu_{h,x} ; ṽ_h) + (p_{h,x} ; ṽ_h) = (f ; ṽ_h) ∀ ṽ_h ∈ P^0 (Π^0 p_h − d_p p_{h,x} ; q̃_h) + ε (u_{h,x} ; q̃_h) = 0 ∀ q̃_h ∈ P^0

(78)

Taking v_h ∈ P^1_{c,0} , we deduce from (78_2) with q̃_h = v_{h,x}

0 = (Π^0 p_h − d_p p_{h,x} ; v_{h,x}) + ε (u_{h,x} ; v_{h,x})

= −(p_{h,x} ; Π^0 v_h) − (d_p p_{h,x} ; v_{h,x}) + ε (u_{h,x} ; v_{h,x}) = (cu_{h,x} ; Π^0 v_h) − (f ; Π^0 v_h) − (d_p p_{h,x} ; v_{h,x}) + ε (u_{h,x} ; v_{h,x}) = (cu_{h,x} ; v_h) − (Π^0 f ; v_h) − (d_p p_{h,x} ; v_{h,x}) + ε (u_{h,x} ; v_{h,x}) (79)

Taking now ṽ_h = d_p v_{h,x} ∈ P^0 as test function in (78_1), we get (d_p p_{h,x} ; v_{h,x}) = (Π^0 f ; d_p v_{h,x})− (cu_{h,x} ; d_p v_{h,x}). Replacing this value in (79) yields

(cu_{h,x} ; v_h + d_p v_{h,x}) + ε (u_{h,x} ; v_{h,x}) = (Π^0 f ; v_h + d_p v_{h,x}) (80)

2dp(x) should be denoted d_{p,h}(x), in order to indicate the mesh dependency.

This is the standard P^1 streamline-upwind Petrov-Galerkin method with source term Π^0 f and upwinding function d_p(x). The flux p_h is now given by the local affine formula in each cell p_{h|j−1/2} = (Π^0 p_h)_{j−1/2} + p_{h,x|j−1/2}(x − x_{j−1/2}). Formulas (76, 77) result immediately from (78). ■

Taking advantage of this form, we can follow the same sketch of proof as for the one of (71), to prove an error estimate for the box-scheme (78) for the convection-diffusion equation with an absorption term σu. More precisely, we restrict ourselves for simplicity to the adimensional form of the model problem (70) when c > 0, [21, 32] { u + u_x − εu_{xx} = f x ∈ ]0, 1[ , ε > 0 u (0) = u (1) = 0

(81)

The box-scheme is a discretization of the mixed form

u + u_x + p_x = f p + εu_x = 0 u (0) = u (1) = 0

(82)

It reads h_{j−1/2} u_j + u_{j−1} 2 + [u_j − u_{j−1}] + [p_j − p_{j−1}] = h_{j−1/2}(Π^0f)_{j−1/2} 1 2 (p_j + p_{j−1}) − D_{p,j−1/2} (p_j − p_{j−1}) = −^ε_{hj−1/2} (u_j − u_{j−1}) u_1 = u_N = 0

(83)

The cell-Peclet number is P e_{j−1/2} = h_{j−1/2}/2ε ≥ C_mh/2ε. The upwinding function is given by

d_p (x) = N∑ j=2 D_{p,j−1/2} h_{j−1/2} 11_{K j−1/2} (x), D_{p,j−1/2} = 1 2 max(0, 1 − 1 P e_{j−1/2} ) (84)

As in Prop. 4.2, (83) is equivalent to: (i) the SUPG scheme for u_h ∈ P^1_{c,0}

(Π^0u_h + u_{h,x}; v_h + d_pv_{h,x}) + ε (u_{h,x} ; v_{h,x}) = (Π^0 f ; v_h + d_pv_{h,x}) ∀v_h ∈ P^1_{c,0} (85)

(ii) the local reconstruction formula for p_h ∈ P^1_c in function of u_h p_{h|j−1/2} = (Π^0 p_h)_{|j−1/2} + p_{h,x|j−1/2}(x − x_{j−1/2}) (86) with (Π^0 p_h)_{|j−1/2} = −(ε + d_{p,j−1/2}) u_{h,x|j−1/2} + d_{p,j−1/2} Π^0 (f − u_h)_{|j−1/2} (87) and p_{h,x|j−1/2} = Π^0 (f − u_h)_{|j−1/2} − u_{h,x|j−1/2} (88) The numerical analysis follows now the lines of classical works on SUPG methods, [3, 18, 19, 20, 21, 26]. Defining for (u, v) ∈ (H^1_0 )^2 the mesh-dependent bilinear form B_h and linear from L_h by

B_h(u, v) = (Π^0u + u_x ; v + d_pv_x) + ε (u_x ; v_x) , L_h(v) = (Π^0f; v + d_pv_x) (89) the scheme rewrites (i) find u_h ∈ P^1_{c,0} solution of B_h(u_h, v_h) = L_h(v_h) ∀v_h ∈ P^1_{c,0} (90) (ii) reconstruct p_h ∈ P^1_c by (86-88).

Defining the associated mesh-dependent norm ||| . |||_h by |||u|||^2_h = |Π^0u|^2_{0,I} + ((ε + d_p)u_x, u_x)_{0,I} (91) the stability estimate for the form B reads Lemma 4.1 For u ∈ H^1_0 , there exists 0 < C_0 < 1 such that B_h(u, u) ≥ C_0|||u|||^2_h (92) Proof: For any u ∈ H^1_0 , we have B_h(u, u) = |Π^0u|^2_{0,I} + ((ε + d_p)u_x; u_x) + (Π^0u; d_pu_x) (93) We have (Π^0u; d_pu_x)_{0,I} = N∑ j=2 (Π^0u; d_pu_x)_{0,Kj−1/2} (94)

≤ N∑ j=2 h_{j−1/2}|Π^0u|^2_{0,Kj−1/2} + 1 4h_{j−1/2} |d_pu_x|^2_{0,Kj−1/2} (95)

≤ h|Π^0u|^2_{0,I} + 1 8 (d_pu_x; u_x) (96) where we have used d_{p|Kj−1/2} = h_{j−1/2}D_{p,j−1/2} ≤^1_2 h_{j−1/2}. Therefore B(u, u) ≥ (1 − h)|Π^0u|^2_{0,I} + ((ε + 7 8 d_p)u_x; u_x) ≥ C_0|||u|||^2_h (97) ■ The following estimates hold Proposition 4.3 Suppose that u_{xx} ∈ L^∞(I), where u is the solution of (1), then the solution (u_h, p_h) ∈ P^1_{c,0} × P^1_c of the box-scheme (83) verifies the a priori error estimates, (C is a generic constant independent of h), (i) |||u − u_h|||_h ≤ Ch max(ε^{1/2}; h^{1/2})|u_{xx}|_{∞,I} (98) (ii) |Π^0(p − p_h)|_{0,I} ≤ Ch max(ε; h)|u_{xx}|_{∞,I} (99) (iii) |Π^0(p_x − p_{h,x})|_{0,I} ≤ Ch^{1/2} max(ε^{1/2}; h^{1/2})|u_{xx}|_{∞,I} (100)

Proof: Let us begin by stating the standard interpolate estimate in the ||| . |||_h norm. If ũ ∈ P^1_{c,0} is the standard interpolate of u ∈ H^1_0 (I), we have the error estimate |||u − ũ|||^2_h = |Π^0(u − ũ)|^2_{0,I} + |(ε + d_p)(u − ũ)_x; (u − ũ)_x|_{0,I} ≤ |u − ũ|^2_{0,I} + (ε + h/2)|u − ũ|^2_{1,I} ≤ Ch^4|u_{xx}|^2_{∞,I} + (ε + h/2)h^2|u_{xx}|^2_{∞,I} ≤ Ch^2 max(ε, h)|u_{xx}|^2_{∞,I} which gives, |||u − ũ|||_h ≤ Ch max(ε^{1/2}, h^{1/2})|u_{xx}|_{0,I} (101) The error estimate follows now a classical sketch. We denote by E^p(x), E^u(x) the two piecewise constant quadrature error functions defined for u, p = −εu_x by (Π^0p)_{j−1/2} = 1 2 (p(x_j ) + p(x_{j−1}) − D_{p,j−1/2}(p(x_j) − p(x_{j−1})) − E^p_{j−1/2} (102)

(Π^0u)_{j−1/2} = 1 2 (u(x_j ) + u(x_{j−1})) − E^u_{j−1/2} (103) We check easily that, if u_{xx} ∈ L^∞(I), the two following estimates hold, where C is a generic constant independent of h |E^p|_{∞,I} ≤ Chε|u_{xx}|_{∞,I} |E^u|_{∞,I} ≤ Ch^2|u_{xx}|_{∞,I} (104) Moreover, we check easily that for any v_h ∈ P^1_{c,0}, B_h(ũ, v_h) = L_h(v_h) + M_h(v_h) (105) where the consistency error is M_h(v_h) = (E^u; Π^0v_h + d_pv_{h,x}) + (E^p; v_{h,x}) (106) Using Lemma (4.1), we have C_0|||ũ − u_h|||^2_h ≤ B_h(ũ − u_h; ũ − u_h) (107) Now, denoting ũ − u_h = v_h, we have

B_h(ũ − u_h; ũ − u_h) = B_h(ũ − u_h, v_h) = L_h(v_h) + M_h(v_h) − L_h(v_h) = M_h(v_h) (108) Therefore, we deduce from (106) that C_0|||ũ − u_h|||^2_h ≤ |(E^u; Π^0v_h + d_pv_{h,x})| + |(E^p; v_{h,x})| (109) We observe now that, for any v ∈ H^1_0 (I) the two following estimates hold |Π^0v| ≤ |||v|||_h , |v_x|_{0,I} ≤ 1 max(ε,^{Cm}_2 h)^{1/2} |||v|||_h (110)

This allows to estimate |M_h(v_h)| by |M_h(v_h)| ≤ |E^u|_{∞,I} (|Π^0v_h|_{0,I} + h 2 |v_{h,x}|_{0,I} ) + |E^p|_{∞,I} |v_{h,x}|_{0,I} ≤ Ch^2{1 + C h max(h^{1/2}, ε^{1/2}) }|u_{xx}|_{∞,I} |||v_h|||_h + Chε max(h^{1/2}, ε^{1/2}) |u_{xx}|_{∞,I} |||v_h|||_h ≤ Ch max(h^{1/2}, ε^{1/2})|u_{xx}|_{∞,I} |||v_h|||_h Therefore |||ũ − u_h|||_h ≤ Ch max(h^{1/2}, ε^{1/2})|u_{xx}|_{∞,I} (111) Estimate (98) results now from (101) and (111).

For (ii), we first check that |Π^0p − Π^0p_h|_{0,I} ≤ |p − Π^0p_h|_{0,I} . Then, using formula (86) and f = u + u_x − εu_{xx}, we have

p − Π^0p_h = (ε + d_p)u_{h,x} − d_pΠ^0(f − u_h) − εu_x = −(ε + d_p)(u_x − u_{h,x}) − d_p(Π^0u_x − u_x) − d_pΠ^0(u − u_h) + d_pεΠ^0(u_{xx}) Therefore |Π^0p−Π^0p_h|_{0,I} ≤ Ch max(ε, h)|u_{xx}|_{∞,I} +Ch^2|u_{xx}|_{∞,I} +Ch^2 max(ε^{1/2}, h^{1/2})|u_{xx}|_{∞,I} +Chε|u_{xx}|_{∞,I} and finally (99). For (iii), we have

Π^0p_x − Π^0p_{h,x} = Π^0p_x − p_{h,x} = Π^0p_x − (Π^0(f − u_h) − u_{h,x}) = −Π^0(u + u_x − u_h − u_{h,x}) Therefore, using (110) |Π^0p_x − Π^0p_{h,x}|_{0,I} ≤ |Π^0(u − u_h)|_{0,I} + |u_x − u_{h,x}|_{0,I} ≤ |||u − u_h|||_h + 1 max(ε,^{Cm}_2 h)^{1/2} |||u − u_h|||_h ≤ C(1 + 1 max(ε,^{Cm}_2 h)^{1/2} )h max(ε^{1/2}; h^{1/2})|u_{xx|∞,I} which gives (100). ■

5 A fourth order box-scheme for the stationary convection-diffusion equation

5.1 Presentation of the scheme Still starting from system (53), we use as in Sect. 3.2 the Euler-MacLaurin quadrature formula for approximating (Π^0 p)_{|j−1/2} on the box K_{j−1/2}. Recall that it reads

Π^0p_{j−1/2} = 1 2 (p(x_j ) + p(x_{j−1})) − 1 12 h_{j−1/2}(p_x(x_j ) − p_x(x_{j−1})) − E^p_{j−1/2} (112) with the error term, (see (33)) E^p_{j−1/2} = B_4h^4_{j−1/2} 4! p^{(4)}(ξ_{j−1/2}), x_{j−1} < ξ_{j−1/2} < x_j (113)

Using the two relations p_x(x) = f(x) − cu_x(x) and u_x = −^1_ε p(x), we get

Π^0p_{j−1/2} = 1 2 (p(x_j ) + p(x_{j−1})) − 1 12 ch_{j−1/2} ε (p(x_j ) − p(x_{j−1})) − 1 12 h_{j−1/2}(f(x_j) − f(x_{j−1})) − E^p_{j−1/2} Replacing now in (53) Π^0p_{j−1/2} by the approximation

Π^0p_{j−1/2} ∼ 1 2 (p_j + p_{j−1}) − 1 12 ch_{j−1/2} ε (p_j − p_{j−1}) − 1 12 h_{j−1/2}(f(x_j) − f(x_{j−1})) (114)

allows to introduce the box-scheme

c[u_j − u_{j−1}] + [p_j − p_{j−1}] = h_{j−1/2}(Π^0f)_{j−1/2} (^1_2 −^1_{12}^{chj−1/2}_ε )p_j + (^1_2 +^1_{12}^{chj−1/2}_ε )p_{j−1} +^ε_{hj−1/2} (u_j − u_{j−1}) =^1_{12} h^2_{j−1/2}(Π^0f^′)_{j−1/2} u_1 = u_N = 0

(115)

If we define the coefficient D_{p,j−1/2} as D_{p,j−1/2} = 1 12 ch_{j−1/2} ε = 1 6 sgn(c)P e_{j−1/2} (116)

with definition of P e_{j−1/2} in (59), then the resolution in function of (p_{j−1}, p_j) yields p_{j−1} = − [ ε − c ( 1 2 − D_{p,j−1/2} ) h_{j−1/2} ] Δ u_{j−1/2} − [ 1 2 − D_{p,j−1/2}] h_{j−1/2} (Π^0f)_{j−1/2} + 1 12 h^2_{j−1/2}(Π^0f^′))_{j−1/2}

p_j = − [ ε + c ( 1 2 + D_{p,j−1/2} ) h_{j−1/2} ] Δ u_{j−1/2} + [ 1 2 + D_{p,j−1/2}] h_{j−1/2} (Π^0f)_{j−1/2} + 1 12 h^2_{j−1/2}(Π^0f^′))_{j−1/2}

Identifying the two values of p_j in K_{j−1/2}, K_{j+1/2} gives the scheme in Δ u_{j+1/2} = (u_{j+1} − u_j )/h_{j+1/2}, Δ u_{j−1/2} = (u_j − u_{j−1})/h_{j−1/2}. − { [ε + (D_{p,j+1/2} − 1/2) c h_{j+1/2}]Δ u_{j+1/2} − [ε + (D_{p,j−1/2} + 1/2)c h_{j−1/2}]Δ u_{j−1/2} }

= ( 1 2 + D_{p,j−1/2} ) h_{j−1/2} (Π^0f)_{j−1/2} + ( 1 2 − D_{p,j+1/2} ) h_{j+1/2} (Π^0f)_{j+1/2} + 1 12 h^2_{j−1/2}(Π^0f^′)_{j−1/2} − 1 12 h^2_{j+1/2}(Π^0f^′)_{j+1/2}

The most interesting feature of scheme (115), which is experimentally known for finite difference compact schemes, [6, 31], is that it is non oscillating, even when ε → 0^+. For, consider the homogeneous case f = 0. Condition (60) reads here with (116) ε + 1 12 c^2h^2_{j−1/2} ε ≥ |c| 2 h_{j−1/2} (117)

The minimum of the left-hand side is obtained for ε =^{|c|hj−1/2}_2^√_3 giving a value of^{1√}_3 |c|h_{j−1/2} ≥ |c| 2 h_{j−1/2}. Therefore (117) is verified and the scheme is non-oscillating in the sense of Prop. 4.1 Finally, on an equally spaced mesh, the scheme in u_j , consistent with equation cu_x − εu_{xx} = f reads (D_p =^1_{12}^{ch}_ε ) − 1 h { [ε − ch( 1 2 − 1 12 ch ε )] u_{j+1} − u_j h − [ε + ch( 1 2 + 1 12 ch ε )] u_j − u_{j−1} h } (118) = ( 1 2 + 1 12 ch ε )(Π^0f)_{j−1/2} + ( 1 2 − 1 12 ch ε )(Π^0f)_{j+1/2} + 1 12 h^2(Π^0f^′)_{j−1/2} − 1 12 h^2(Π^0f^′)_{j+1/2}

The scheme in p_j, consistent with cp − εp_x = −εf is 1 2 c(p_j + p_{j−1}) − ( c^2h 12ε + ε h )(p_j − p_{j−1}) = −ε(Π^0f)_{j−1/2} + h^2 12 (Π^0f^′)_{j−1/2} (119)

Performing an analysis similar to (66), we check easily that each of the schemes (118),(119) is fourth order accurate.

5.2 Comparison with the SUPG method Similarly to the box-scheme in Sect. 4.1, we can recast the box-scheme (115) in the form of a non-standard SUPG scheme in the unknown u_h ∈ P^1_{c,0}, coupled to a local reconstruction formula for the flux p_h ∈ P^1_c . In addition, we obtain superconvergence results of order 4, between the standard interpolates (ũ, p̃) ∈ P^1_{c,0} × P^1_c of the solution, and the approximation (u_h, p_h). Let us define the piecewise constant function

δ_h(x) = N∑ j=2 h^2_{j−1/2}11_{Kj−1/2} (120)

The following result holds Proposition 5.1 The box-scheme (115) is equivalent to:

(i) the modified SUPG method for u_h : find u_h ∈ P^1_{c,0} such that for any v_h ∈ P^1_{c,0} (cu_{h,x} ; v_h + c 12ε δ_hv_{h,x}) + ε (u_{h,x} ; v_{h,x}) = (Π^0 f ; v_h + c 12ε δ_hv_{h,x}) + 1 12 (Π^0f^′; δ_hv_{h,x}) (121)

(ii) the local reconstruction formula in p_h ∈ P^1_c p_{h|Kj−1/2} = (Π^0 p_h)_{j−1/2} + p_{h,x|Kj−1/2} (x − x_{j−1/2}) (122) with

(Π^0 p_h)_{j−1/2} = −(ε + c^2h^2_{j−1/2} 12ε ) u_{h,x|Kj−1/2} + 1 12 h^2_{j−1/2}[ c ε (Π^0 f)_{j−1/2} + (Π^0 f^′)_{j−1/2}] (123) p_{h,x|Kj−1/2} = (Π^0 f)_{j−1/2} − cu_{h,x|Kj−1/2} (124)

Proof: Follows the same lines as Prop. 4.2. ■ We conclude by some error estimates for the convection-diffusion problem (81), whose mixed form is u + u_x + p_x = f p + εu_x = 0 u (0) = u (1) = 0

(125)

The Euler-MacLaurin formula (31) yields for the two averages (Π^0u)_{j−1/2}, (Π^0p)_{j−/1/2} { (Π^0u)_{j−1/2} =^1_2 (u(x_j ) + u(x_{j−1})) −^{hj−1/2}_{12} (u_x(x_j ) − u_x(x_{j−1})) − E^u_{j−1/2} (Π^0p)_{j−1/2} =^1_2 (p(x_j ) + p(x_{j−1})) −^{hj−1/2}_{12} (p_x(x_j) − p_x(x_{j−1})) − E^p_{j−1/2}

(126)

where the error terms are E^u_{j−1/2} = B_4 4! h^4_{j−1/2}u^{(4)}(ξ^2_{j−1/2}) , E^p_{j−1/2} =

B_4 4! h^4_{j−1/2}p^{(4)}(ξ^1_{j−1/2}) (127)

Averaging (125)_1, (125)_2 on each box K_{j−1/2} yields { h_{j−1/2}(Π^0u)_{j−1/2} + (u(x_j ) − u(x_{j−1})) + (p(x_j ) − p(x_{j−1})) = h_{j−1/2}(Π^0f)_{j−1/2} h_{j−1/2}(Π^0p)_{j−1/2} = −ε(u(x_j ) − u(x_{j−1}))

(128)

replacing (Π^0u)_{j−1/2}, (Π^0p)_{j−1/2} by the fourth order approximation deduced from (126) gives the box-scheme 1 2 (u_j + u_{j−1}) + (1 + h^2_{j−1/2} 12ε ) p_j − p_{j−1} h_{j−1/2} + u_j − u_{j−1} h_{j−1/2} = (Π^0f)_{j−1/2} 1 2 (p_j + p_{j−1}) − h_{j−1/2} 12ε (p_j − p_{j−1}) + (ε + h^2_{j−1/2} 12 ) u_j − u_{j−1} h_{j−1/2} = h^2_{j−1/2} 12 Π^0(f^′)_{j−1/2}

(129)

Still denoting u_h ∈ P^1_{c,0}, p_h ∈ P^1_c defined by (19), and β_h(x) = ∑ j (h^2_{j−1/2}/12ε)11_{Kj−1/2} (x), (129) is proved to be equivalent to: (i) find u_h ∈ P^1_{c,0} solution of

(Π^0u_h + u_{h,x}; 1 1 + β_h

{v_h + β_hv_{h,x}}) + (ε(1 + β_h)u_{h,x}; v_{h,x}) (130)

= (Π^0 f ; 1 1 + β_h {v_h + β_hv_{h,x}}) + 1 12 (δ_h(Π^0f^′); v_{h,x}) ∀v_h ∈ P^1_{c,0}

(ii) reconstruct p_h ∈ P^1_c by the local formula p_{h|Kj−1/2} = (Π^0p_h)_{j−1/2} + p_{h,x|Kj−1/2} (x − x_{j−1/2}) (131) where p_{h,x|Kj−1/2} , (Π^0p_h)_{j−1/2} are deduced from (129) p_{h,x|Kj−1/2} = 1 1 + β_h

[Π^0(f − u_h) − u_{h,x}] (132)

(Π^0p_h)_{j−1/2} = β_hp_{h,x} − ε(1 + β_h)u_{h,x} + 1 12 δ_h(Π^0f^′)_{j−1/2} (133)

Now, the box-scheme (129) can be rewritten

B_h(u_h, v_h) = L_h(v_h) (134)

where the bilinear form B_h(u_h, v_h) and the linear form L_h(v_h) are respectiveley given by the left hand side and right hand side in (130). The energy norm is defined, for u ∈ H^1_0 , by |||u|||^2_h = ( 1 1 + β_h

Π^0u; Π^0u) + ((ε(1 + β_h) + β_h 1 + β_h

)u_x; u_x) (135)

For any u ∈ P^1_{c,0}, we can check that B_h(u, u) = |||u|||^2_h. We state finally the two following a priori error estimates between u_h, p_h and the interpolants ũ, p̃ of u, p, whose proof follows the lines of Prop.4.3

Proposition 5.2 If the solution u of (1) is sufficiently regular, then there exists C > 0, independent of h such that

(i) |||ũ − u_h|||_h ≤ Ch^4(|u^{(4)}|_{∞,I} + |u^{(5)}|_{∞,I} ) (136)

(ii) |Π^0p̃ − Π^0p_h|_{0,I} ≤ Ch^4(|u^{(4)}|_{∞,I} + |u^{(5)}|_{∞,I} ) (137)

6 Conclusion

In this paper, we derive two box-schemes for the stationary convection-diffusion equation following principles introduced in [22, 9, 10, 11, 12, 13]. The design introduced is basically of finite volume type, but results finally in a mixed Petrov-Galerkin scheme with an access by a local formula to the diffusive flux. The main intention of this paper is to fill a gap, at least for monodimensional problems, between the standard SUPG method, the mixed finite element method and the high order compact finite difference schemes. The extension to multidimensions is in progress.

Acknowledgement: The author would like to thanks an anonymous referee for particularly helpful remarks and comments.

References

[1] Arnold D.N., Brezzi F.: Mixed and non-conforming finite elements methods: implementation, postprocessing and error estimates, Math. Model. and Numer. Anal. 19, 1,, 7-32, (1985).

[2] Bank R.E., Rose D.J.: Some error estimates for the box method, SIAM J. Numer. Anal., 24,4,, 777-787, (1987).

[3] Brooks A., Hughes T.J.R.: Streamline upwind/Petrov-Galerkin formulations for convection dominated flows with particular emphasis on the incompressible Navier-Stokes equations, Comp. Meth. App. Mech. Eng, 32, 199-259, (1982).

[4] Cai Z., Mc Cormick S.: On the accuracy of the finite volume element method for diffusion equations on composite grids SIAM J. Numer. Anal, 27,3 , 636-656, (1990).

[5] Carey G.F., Spotz W.F.: High order Compact Finite Difference Methods, Proc. of the 3rd Int. Conf. on Spectral and High Order Methods, Houston J. of Math., Houston, (1996).

[6] Carey G.F., Spotz W.F.: Higher order mixed methods, Comm. Num. Meth. Eng., 13, 553-564, (1997).

[7] Chattot J-J.: Box-schemes for First Order Partial Differential Equations, Advances in Comp. Fluid Dynamics, Gordon Breach Publ., 307-331, (1995).

[8] Ciment M., Leventhal S.H.: Higher order compact implicit schemes for the wave equation Math. of Comp. 29, 132, 985-994, (1975).

[9] Courbet B.: Schémas à deux points pour la simulation numérique des écoulements, La Recherche Aérospatiale, n^∘4,, 21-46, (1990).

[10] Courbet B.: Etude d’une famille de schémas boîte à deux points et application à la dynamique des gaz monodimensionnelle, La Recherche Aérospatiale, n^∘5,, 31-44, (1991).

[11] Courbet B., Croisille J-P.: Finite Volume Box-Schemes on triangular meshes, Math.

Model. and Numer. Anal., 32,5, 631-649, (1998).

[12] Croisille J-P.: Finite Volume Box-Schemes and Mixed Methods, Math. Model. and Numer. Anal., 34, 5, 1087-1106, (2000).

[13] Croisille J-P., Greff I.: Some box-schemes for elliptic problems, to appear in Numer.

Meth. Partial Diff. Equations.

[14] Eymard R., Gallouët T., Herbin R.: Finite Volume Methods, in Handbook of Numerical Analysis, vol. 5, Ciarlet-Lions eds., North-Holland, 1997.

[15] Harari I., Franca L.P., Oliveira S.P.: Streamline design of stability parameters for advection-diffusion problems, Jour. Comp. Phys., 171, 1, 115-131,(2001).

[16] Hackbusch W.: On first and second order box schemes, Computing, 41,, 277-296, (1989).

[17] Heinrich B.: Finite Difference methods on Irregular Networks, Int. Series Num. Math, 82, Birkhäuser, 1987.

[18] Hughes T.J.R., Franca L., Mallet M.: A new finite element formulation for computational fluid dynamics: convergence analysis of the generalized SUPG formulations for linear time-dependent multidimensional advective-diffusive systems, Comp. Meth. App. Mech. Eng, 32, 97-112, (1987).

[19] Johnson C.: Numerical solutions of partial differental equations by the finite element method, Cambridge University Press, 1987.

[20] Johnson C., Schatz A.H., Wahlbin L.B.: Crosswind smear and pointwise errors in the streamline diffusion finite element method, Math. of Comp., 49, 179, 25-38, (1987).

[21] Johnson C., Nävert U., Pitkäranta J.: Finite element methods for linear hyperbolic problems, Comp. Meth. App. Mech. Eng, 45, 285-312, (1984).

[22] Keller H.B.: A new difference scheme for parabolic problems, Numerical solutions of partial differential equations, II, B. Hubbard ed., Academic Press, New-York, 327-350, (1971).

[23] Lele S.K.: Compact Finite-Difference Schemes With Spectral-Like Resolution, Jour.

Comp. Phys., 103, 16-42, (1992).

[24] Marini L.D.: An inexpensive method for the evaluation of the solution of the lowest order Raviart-Thomas mixed method, SIAM J. Numer. Anal., 22, 3,, 493-496, (1985).

[25] Morton K.W.: Numerical solution of convection-diffusion problems, Chapman & Hall, 1996.

[26] Nävert U.: A finite element method for convection-diffusion problems, Thesis, Chalmers Univ. of Technology, 1982.

[27] Strickwerda J.: Finite Difference Schemes and Partial Differential Equations, Wadsworth & Brooks/Cole Pub., 1989.

[28] Tolstykh A.I.: High Accuracy Non-centered Compact Difference Schemes for fluid dynamics Applications, World Scientific, 1994.

[29] Wornom S.F.: Application of compact difference schemes to the conservative Euler equations for one-dimensional flows, NASA Tech. Mem. 83262, 1982.

[30] Wornom S.F., Hafez M.M.: Implicit conservative schemes for the Euler equations, AIAA J., 24,2,, 215-233, (1986).

[31] Zhang J.: An explicit Fourth-Order Compact Finite Difference Scheme for the Three Dimensional Convection-Diffusion Equation, Comm. Num. Meth. Eng. 14, 263-280, (1998).

[32] Zhou G.: How accurate is the stramline diffusion finite element method ?, Math. of Comp., 66, 217, 31-44, (1997).

Jean-Pierre Croisille Laboratoire de mathématiques Université de Metz, Ile du Saulcy F-57045 Metz cedex FRANCE croisil@poncelet.univ-metz.fr